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Abstract. Following the definition of intuitionistic fuzzy n-norm [3] , we have 
\^ • introduced the definition of intuitionistic fuzzy norm ( in short IFN ) over a linear 

C^ space and there after a few results on intuitionistic fuzzy normed linear space and 

finite dimensional intuitionistic fuzzy normed linear space. Lastly, we have introduced 
the definitions of intuitionistic fuzzy continuity and sequentially intuitionistic fuzzy 
continuity and proved that they are equivalent. 
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Introduction : The authors T. Bag and S. K. Samanta [4] introduced the defi- 
nition of fuzzy norm over a linear space following the definition S. C. Cheng and J. N. 
Moordeson [6] and they have studied finite dimensional fuzzy normed linear spaces. 
Also the definition of intuitionistic fuzzy n-normed linear space was introduced in the 
paper [3] and established a sufficient condition for an intuitionistic fuzzy n-normed 
linear space to be complete. In this paper, following the definition of intuitionistic 
fuzzy n-norm [ 3 ] , we have introduced the definition of intuitionistic fuzzy norm ( in 
short IFN ) over a linear space. There after we have established a sufficient condition 
for an intuitionistic fuzzy normed linear space to be complete and also we have proved 
that a finite dimensional intuitionistic fuzzy norm linear space is complete. In such 
spaces, also we have established a necessary and sufficient condition for a subset to 
be compact. Thereafter following the definition of fuzzy continuous mapping [5], we 
have introduced the definition of intuitionistic fuzzy continuity, strongly intuitionistic 
fuzzy continuity and sequentially intuitionistic fuzzy continuity. Also we have proved 
that the concept of intuitionistic fuzzy continuity and sequentially intuitionistic fuzzy 
continuity are equivalent. There after we proved that intuitionistic fuzzy continuous 
image of a compact set is again a compact set. 



Definition 1. [3] A binary operation * : [0,1] x [0,1] — ► [0,1] is 
continuous t - norm if * satisfies the following conditions : 
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(i) * is commutative and associative , 

(ii) * is continuous , 

(Hi) a * 1 = a V a e [ , 1 ] , 

(iv) a * b < c * d whenever a < c , b < d and a , b , c , d e [ , 1]. 

Definition 2. [3] A binary operation o : [0,1] x [0,1] — ► [0,1] is 

continuous t - co - norm if o satisfies the following conditions : 

(i) o is commutative and associative , 

(ii) o is continuous , 

(Hi) a o = a V o £ [0,1], 

(iv) a o b < c o d whenever a < c , b < d and a , b , c, d e [0, 1 ] . 

Remark 1. [3] (a) For any r\ , r-i e (0,1) with r\ > r 2 , there exist 
r 3 , r 4 e (0 , 1) such that r\ * r 3 > r 2 and r\ > r 4 o r 2 . 

( b ) For any r 5 e ( , 1 ) , there exist r 6 , r 7 £ ( , 1 ) stic/i £/ja£ r 6 *r 6 > r 5 
ami r-j o r-j < r<z . 

Definition 3. [3] Let E be any set. An intuitionistic fuzzy set A of E is an 
object of the form A = { (x , ha(x) , ^a(x) ) : x e E } , where the functions 
a a '■ E — > [0,1] and va '■ E — > [0,1] denotes the degree of membership 
and the non - membership of the element x e E respectively and for every x e E , 
< a A (x) + v A (x) < 1 . 

Definition 4. [3] If A and B are two intuitionistic fuzzy sets of a non - empty set 
E , then A C B if and only if for all x e E , 

^a(x) < ub(x) and va(x) > ub(x); 

A = B if and only if for all x e E , 

Ha{x) = ub(x) and va(x) = v B (x); 



A = { (x , v A (x) , a A (x) ) : x e E } ; 
A fl B = { (x , min (ua(x) , Hb{x)) , max ( ^a(x) , vb{x) ) ) : x e E } ; 
A U B = { ( x , max (ua(x) , jxb(x)) , min ( v a(x) , vb{x) ) ) : x e E } . 
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Definition 5. Let * be a continuous t - norm , o be a continuous t - co - norm and V 
be a linear space over the field F ( = R or C ) . An intuitionistic fuzzy norm or in 
short IFN on V is an object of the form A = { ((x , t) , N (x , t) , M (x , t) ) : 

(x , t) e V x IR + } ; where N , M are fuzzy sets on V x WL + , N denotes the degree 
of membership and M denotes the degree of non - membership ( x , t ) e V x R + 
satisfying the following conditions : 

i) N(x , t) + M(x , t) < 1 V (x , t) e V x R+ ; 

ii) N ( x , t ) > ; 

Hi) N ( x , t ) = 1 if and only if x = ; 

iv) N(cx , t) = N(x , A) c^0,ceF; 

v) N(x , s) * N(y , t) < N(x + y,s + t); 

vi) N ( x , • ) is non - decreasing function of IR + and lim N(x,t) = 1; 

t — > oo 

mi) M ( x , t ) > ; 

f ui ) M ( x , £ ) = if and only if x — ; 

ix) M(cx,t) = M(x,rM c^0,ceF; 

x) M(x , s) o M(y , t) > M(x + y,s + t); 

xi) N ( x , ■ ) is non - increasing function of M + and lim M(x, t) = 0. 

t —* oo 

Example 1. Zet ( V = R , || • || ) 6e a normed linear space where \\x\\ = \x\ 
V x e R . Define a * b = min { a , 6 } and a o b = max { a , 6 } /or a// 

a , o e [0 , 1] . ,4/so de/me N(x , t) = t + * |x| and M(x , t) = ^^^ 
where k > . We now consider A = { ((x , t) , N (x , t) , M (x , t) ) : 
(x , t) e 1/ x R+ } . idere A «s an dFA^ on F . 

Proof. Obviously follows from the calculation of the example 3.2 [3] . □ 

Definition 6. If A is an IFN on V ( a linear space over the field F ( = R or C )) 
then ( V , A ) zs called an intuitionistic fuzzy normed linear space or in short IFNLS. 

Definition 7. [3] A sequence {x n } n in an IFNLS (V , A) is said to converge to 
x e V if given r>0,t>0,0<r<l there exists an integer n^ e N such 
that N (x n — x , t) > \ — r and M (x n — x , t) < r for all n > n . 
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Theorem 1. In an IFNLS ( V , A) , a sequence { x n } n converges to x e V if and 
only if lim N (x n — x , t) = 1 and lim M ( x n — x , t) = 0. 



n — > oo n — > oo 



Proof. The proof directly follows from the proof of the theorem 3.4 [3] . □ 

Theorem 2. If a sequence { x n } n in an IFNLS (V , A) is convergent , it's limit is 
unique . 



Proof. Let lim x n = x and lim x n = y . Also let s , t e M + . Now 

n — > oo n — > 

lim £„ = x 



n — > oo 

f lim JV(x n -x,t) = l 

J n — ► oo 
I „ lim „ Af(Xn-X,*) = 



n — ► oo 



lim N (x n — y , t) = 1 
^lim^ X n = J/ => \"\hrT M(x n -y,t) = 



n — ► oo 



N (x — y , s + t) = N (x — x n + x n — y , s + t) 

> N (x - x n , s) * N (x n - y , t) 

= N (x n - a; , s) * AT (x n - y , t) 
Taking limit , we have 

N (x — y , s + t) > lim N (x n — x , s ) * lim N (x n — y , £ 



=>- A^ ( x — y , s + £) = 1 =>- x — y = =>- x = y 
This completes the proof . □ 



Theorem 3. If lim x n = x and lim y n — y then lim x n + y n 

n — * oo re — > oo " n — +00 

x + y in an IFNLS (V , A) . 
Proof. Let s , t e R + . Now , 

lim N (x n — x ,t) = 1 



n — ► 00 



^lirn^ x n - x => ^ luij W( rii _,._,, „ 



n — * 00 



lim JV ( j/ n — j/ , t ) = 1 
lim |/ n = y =^ <j Um M(y n -y,t) = 



n — > oo 



Now, 

A" ((x n + y n ) - (x + y) , s + t) = N ((x n - x) + (y n - y) , s + t] 

> N (x n - x , s) * N (y n - y , t) 
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Taking limit, we have 

lim N ((x n + y n ) - (x + y) , s + t) 

n — > oo 

> lim N (x n — x , s) * lim N (y n — y , t) 

n — > oo n — * oo 

= 1*1 = 1 

=^ lim N ((x n + y n ) - (x + y) , s + t) = 1 

n — > oo 

Again, 
M ((x n + y n ) - (x + y) , s + t) = M ({x n - x) + {y n - y) , s + t) 

< M (x n - x , s) o M (y n - y , t) 
Taking limit, we have 

lim M ((x n + y n ) - (x + y) , s + t) 

n — * oo 

< lim M (x n — x , s) o lim M (y n — y , t) 

n — > oo n^oo 

= o = 
=> lim M ((x n + y n ) - (x + y) , s + t) = 

n — > oo 

Thus, we see that lim x n + y n = x + y . □ 

n —* oo 

Theorem 4. // lim x n = x and c ( ^ 0) e F then lim cx„ = ex in an 

n — > oo n — > oo 

/FiVL^ (V, A ) . 

Proof. Obvious. □ 

Theorem 5. In an IFNLS (V , A) , every subsequence of a convergent sequence 
converges to the limit of the sequence . 

Proof. Obvious. □ 

Definition 8. A sequence { x n } n in an IFNLS ( V , A) is said to be a Cauchy 
sequence if lim N (x n + p — x n , t) = 1 and lim M (x n + p — x n , t) 

n-too 

, p = 1 , 2 , 3, ••• , t > . 



n — > oo 



Theorem 6. In an IFNLS {V , A) , every convergent sequence is a Cauchy sequence. 

Proof. Let { x n } n be a convergent sequence in the IFNLS (V , A) with lim x, 

x . Let s , t e IR + and p=l,2,3,---,we have 
N (x n + p — x n , s -\- t) = N (x n + p — x -\- x — x n , s -\- t) 



n — > oo 



> N {x n + p - x , s) * N (x - x n , t t 



= N (x n + p — x, s ) * N (x n — x , t) 
Taking limit , we have 
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lim iV {x n + p - x n , s + t) 

n — * oo 

> lim N (x n + p — x , s) * lim N (x n — x , t) 

n — > oo n — » oo 

= 1*1 = 1 

=>- lim N (x n+p — x n , s + t) = 1 V s,f eK + and p = 1 , 2 , 3 , - • • 

n — > oo 

Again , 

ik/ ( X ^ ^ p _ " X n <, S ~t~ t ) — — IVl [ X n .^ p X "T" X *^ n > S ' ^ ) 

< M (x n + p — x , s) o M (x — x n , t) 
= M (x n + p — x , s ) o M (x n — x , t) 
Taking limit , we have 
lim M (x n + p - x n , s + t) 

n — > oo 

< lim M (x n + p — x , s) o lim M ( x n — x , t) 

n — » oo ' n — > oo 

= o = 
=>- lim M ( x n + p — x n , s + t) = V s , t e R + and p = 1 , 2 , 3 , • • • 

n — * oo 

Thus, { x n } n is the Cauchy sequence in the IFNLS (V , A) . D 

Note 1. The converse of the above theorem is not necessarily true . It is verified by 
the following example . 

Example 2. Let (V , || • || ) be a normed linear space and define a * b = 
min { a , b } and a o b = max { a , b } for all a , b £ [0 , 1 ] . For a// t > 0, 
define N ( x , t) = , , , f M — rr and M ( x , £ ) = , , ,, ,, where k > . It is 

J \ i / £ + K || i || \ ' £ + k || X || 

easy to see that A = { ((x , t) , JV ( x , t) , M (x , t) ) : ( x , £ ) e V x R+ } 

zs an /FA 7 " on V . We now show that 

(a) {x n } n is a Cauchy sequence in (V , || ■ || ) if and only if { x n } n is a Cauchy 

sequence in the IFNLS ( V , A ) . 

(6) { x n } n zs a convergent sequence in (V , || ■ || ) i/ and on/?/ if { x n } n is a 

convergent sequence in the IFNLS ( V , A ) . 

Proof, (a) Let { x n } n be a Cauchy sequence in (V , || ■ || ) and t > . 
-<=> lim || x n + p - x n || = /orp = 1 , 2 , •• • 

ra — » oo 
l ■ ^ 1 it K \\ X n + p X re 

" — - lim — = l and lim 



n^oo t + k ||x n + p — X„|| n^oo t + k ||x n + p — X n \\ 

lim N (x n + p — x n , t) = l and lim M (x n + p — x n , t) = 

n — ► oo n — * oo 

{ x n } n is a Cauchy sequence in ( V , A) 

Let { x n } n be a convergent sequence in (V , \\ ■ || ) and t > . 
lim || x n — x || = 

n —* oo 

lim , , , n* it = 1 and lim - ll / r ," ~ — N = 

lim N (x n — x , t) = 1 and lim M (x n — x , t) = 

n — > oo n —* oo 

{ x „ } is a convegent sequence in ( V , A ) . □ 
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Theorem 7. Let ( V , A) be an IFNLS , such that every Cauchy sequence in ( V , A ) 
/ios a convergent subsequence. Then (V , A) is complete . 

Proof. Let { x n } n be a Cauchy sequence in ( V , A) and {x„ fe } fc be a subsequence 
of { x n } n that converges to x e V and t > . Since { x n } n is a Cauchy sequence 
in ( V , A ) , we have 



i -■ * i i 



lim N ( x n — Xk , — ) = 1 and lim M I x n — Xk , - 

n , k — > oo V 2/ n , k — > oo \ 2 

Again since { x „ fc } fc converges to x , we have 

lim N I x nk - x , - I = 1 and lim M I x„ fc - x , - 
Now, 

-^ * V^n ^5 ^ / -* * v*^n n k * n fc ' / 

> iV ^ X n -- X nk , ^J * ^ (^"fc " " 3 '' 2 J 

==>- lim iV (x n — x , t) = 1 

n — > 00 

Again, we see that 

Ivl yX n X , bj IVl yX n ^ n k * nk ' / 

< M (x n - x nk , |) o M (x„ fc - x , |) 
=>- lim M (x n — x , t) = 

n — > 00 

Thus, { x n } n converges to x in ( V , A ) and hence ( V , A ) is complete . □ 

Theorem 8. Let ( V , A) be an IFNLS , we further assume that , 

(xu) :::::} v a e [o, i] 

( xm ) iV(i,t) > Vt > ^ i = 

( xiv ) M(x,£)>0V£>0 => x = 

Define \\ x \\ a = A {t : N(x , t) > a} and \\ x \\ a = V {t : 
M ( x , t ) < a}, a e (0,1). Then both { \\ x \\ I : a e ( , 1 ) } 
and { || x || : a e ( , 1 ) } are ascending family of norms on V . We call these 
norms as a - norm on V corresponding to the IFN A on V . 

Proof. Let a £ ( , 1 ) . To prove || x \\ a is a norm on V , we will prove the followings : 
(1) || x \\l > V x £ V ; 
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\NT. 


• x = ; 




n i 

T 




x\\a + II y 


I 1 

1 a ' 



(2) ||x||i = < 

( o "\ ii ii l i 

(3) II cs || a = |c 

(4) ||z + ylli < 

The proof of ( 1 ) , (2) and (3) directly follows from the proof of the theorem 2.1 
[4] . So, we now prove (4) . 

II x \\l + || y \\l = A{s : N(x, s) > a} + A {t : N (y , t) > a} = 
A{s + t : N(x,s) > a,N(y,t) > a} = A {s + t : N (x , s) * 
N(y,t) > a * a} > A{s + t : N(x + y , s + t) > a} = \\ x + y || *, 
which proves (4) . Let < a.\ < a 2 < 1 . || x \\ = A {t : N(x , t) > 
«i} and || x || = A {t : N(x , t) > a 2 } ■ Since «i < a 2 , 

{t : iV(x,t) > a 2 } C {t : N(x,t) > a 1 } =^ A{t : iV(a;,t) > 
«2J > A{t : N (x , t) > a.\ } ^^ || x || a > || x || Q . Thus, we see that 
{ || x || : a e ( , 1 ) } is an ascending family of norms on V . 
Now we shall prove that { || x \\ a : a £(0,1)} is also an ascending family of 
norms on V. Let a e ( , 1 ) and x , y e V . It is obvious that || x || a > . Let 
|| x || £ = . Now, || x \\l = =^ V{t : M(x , t) < a} = => 
M ( x , t ) > a>0Vt>0 =^- x — . Conversely, we assume that 
x = =>• M(i, t) = V t > => V{t : M(x, t) < a} = 
=^ II x II 2 = 
It is easy to see that || c x \\ a = \ c \ \\ x || a V c e F. 

II a: II I + II 2/ II a = v i s : M (^.«) < «} + V{£ : M (y , t) < a} = 

V{s + t : M(x,s) < a,M(y,t) < a} = V{s + t : M(x,s)o 

M(y,t) < a o a} > V { s + t : M (x + y , s + t) < a} = \\ x + y \\ I 

, that is \\ x + y \\l < \\ x || 2 a + || y || 2 a V x , y e V. 

Let < «i < a 2 < 1 . Therefore, ||x|| a = V { t : M (x , t) < a.\ } 

and || x || = V{t : M ( x , t ) < « 2 } ■ Since a 1 < a 2 , we have 

{t : M(x,t) < ai} C {t : M (x , t) < a 2 } 

=^ V{t : M(x,t) < ai} < V{t : M(x,t) < a 2 } 

^=^> || x || < || x || . Thus we see that j || x || : a e ( , 1 ) | is an 

II II ck 1 — II IU2 L II II a V ' /J 

ascending family of norms on V. □ 

Lemma 1. [4] Let ( V , A) be an IFNLS satisfying the condition (Xiii) and 
{xi,x 2 , ••• ,x ra } be a finite set of linearly independent vectors of V . Then 
for each a e ( , 1 ) there exists a constant C a > such that for any scalars 
«i , a 2 , ■ ■ ■ , a n , 



||«iXi + a 2 x 2 + ••• + a n x n ||^, > C a ^J 
where || • || \ is defined in the previous theorem. 



n 

I cu, 

i = 1 
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Theorem 9. Every finite dimensional IFNLS satisfying the conditions (Xii) and 
( Xiii ) is complete . 

Proof. Let ( V , A) be a finite dimensional IFNLS satisfying the conditions ( Xii ) 
and (Xiii). Also, let dim V = k and {e\ , e 2 , ••• , ek} be a basis of V. 
Consider { x n } n as an arbitrary Cauchy sequence in ( V , A). 

Let x n = (3[ n) ei + (3 { 2 n) e 2 + ••• + ^ n) e fc where fl\ n) , (3 { 2 n) , ••• , (3 { k n) 
are suitable scalars. Then by the same calculation of the theorem 2.4 [4], there exist 
(3 1 , 02 , • • • 5 Pk £ F such that the sequence {(3\ n } n converges to Pi for 

k 

i = 1 , 2 , • • • , k. Clearly x = E Pi e i £ V. Now, for all t > 0, 

i= 1 

N(x n - x ,t) = iV( E P\ n) e t - E Piei, t) 

» = i » = i 

= 7V(E (/?<"> •- ^)e,,t) 



> iV((/3i n) -- ^i)ei, f ) * ••• * N(((3 ( k n) - fc )e fcj £) 



JV(ei ' fc |^>-/ ?1 | ) "'-* JV(e *' fc |^-^l 



Since lim . ,, r = oo, we see that lim N(ei, 

n^oo k \pl n) -0i\ n->oo V k\p\ n> -$i\ 

=> lim JV(x n - x,t) > 1 * •■■ * 1 = 1 Vf > 

n — > oo 



=*• lim 7V(x n - x , t) = 1 Vf > 

n — * oo 

Again, for all t > 0, 

M(x n - x , t) = M( E /3| n) e, - E fte, , i) 

4=1 1=1 

= M(E (^ (n) - Pi)ei,t) 

< M(\p{ n) - ^) ei , £ ) o ... o M( (/?<"> -- fc )e fc , |) 
= M(ei, nn )o---oM(e fcj nn ) 

Since lim . t-4 r = oo, we see that lim Mies , r-A ) = 

n^oo k \/3\ > - PA n->oo V ' fc \j3\ n) - (ii\ ' 

=► Km. M (x n - x , t) < 1 o ■ ■ ■ o 1 = 1 Vf >0 

n —* oo 

==>• lim M ( x n - x , t ) = Vf >0. 

n — » oo 

Thus, we see that {x n }„ is an arbitrary Cauchy sequence that converges to x e V , 
hence the IFNLS ( V , A) is complete . □ 

Definition 9. Let (V , A) be an IFNLS. A subset P of V is said to be closed if 
for any sequence {x n } n in P converges to x e P , that is, 

lim N(x n — x , t ) = l,and lim M(x n — x , t) = ==>- x e P. 



Definition 10. Let ( V , A) be an IFNLS. A subset Q of V is said to be the closure 

of P ( C V ) z//or an?/ ie Q, f/iere exists a sequence { x n } n in P such that 
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lim N (x n — x , t) = 1, and lim M ( x n — x , t ) = V t £ M + . 

n — > oo n — > oo 

H^e denote the set Q by P . 

Definition 11. A subset P of an IFNLS is said to be bounded if and only if there 
exist t > and < r < 1 such that 

N ( x , t ) > 1 - r and M (x , t) < r \/ x e P. 

Definition 12. Let ( V , A) be an IFNLS. A subset P of of V is said to be compact 

if any sequence {x n } n in P has a subsequence converging to an element of P . 

Theorem 10. Let ( V , A) be an IFNLS satisfying the condition (Xii) . Every 
Cauchy sequence in ( V , A ) is bounded . 

Proof. Let { x n } n be a Cauchy sequence in the IFNLS ( V , A) . Then we have 

lim N (x n + p — x n ,t) = 1 



n — > oo 



V t > , p = 1 , 2 



lim M (x n + P - x n , t) = 

n — > oo 

Choose a fixed r with < r < 1 . Now we see that 

lim N (x n - x n+p , t) = 1 > r V t > , p = 1,2, ••• 

n — > oo 

=^- Fort' > 3 n = n (t') such that N (x n — x n + p , t' ) > r W n > 

n , p = 1,2, ••• 

Since, lim N(x , t) = 1, we have for each Xi , 3 tj > such that 

t — > oo 

AT(x i5 t) > r V £ > ti, i = 1, 2, ••• 

Let to — t' + max{ ti , t 2 , • • • , t no } . Then , 

N(x n , t ) > N(x n , t' + t no ) 

i V yX n X no T" X ra() , t T" o no ) 

■^_ i\ yX n X no ,ZJ*I\yX nol Z no ) 

> r o * r o = r o V n > n 
Thus , we have 

N (x n , t ) > r V n > n 
Also , A/" ( x n , to ) > N (x n , t n ) > r forall n=l,2,---,n 
So, we have 

N{x n , t ) > r V n = 1, 2, (1) 

Now, lim M (x n - x n + p , t) = < (1 - r ) V i > , p = 1,2, ••• 

n — > oo 

^^> For £' > 3 n' = n' (t') such that M(x n — x n + p , t') < 
(1 - r ) V n > n' ,p = 1 , 2 , ••• 
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Since, lim M(x , t) = 0, we have for each Xi , 3 t\ > such that 

t — > oo 

M(xj , t) < (1 - r ) \f t > t't , i = 1 , 2 , ••• 

Let £' = £' + max{ i^ , £ ' 2 , ■ • • , £' no } . Then , 
M(x n , t' ) < M(x n , t' + t' no ) 

= M(x n - x n > o + x n > , t' + t' no ) 

< M{x n - x n , Q , t') o M(x n > , t' no ) 

< (1 - r ) o (1 - r ) = (1 - r ) V n > ri Q 
Thus , we have 

M(x n ,t' Q ) < (1 - r ) V n > n' 
Also , M(x n , f ) < M(x n , f n ) < (1 - r ) /ora// n = 

1 , 2 , • • • , n' 
So, we have 

M(x n , f ) < (1 - r„) V n = 1, 2, (2) 

Let t" = max {t , t' } . Hence from ( 1 ) and ( 2 ) we see that 
"(*».*$) > r ° 1 v n - 1 2 ••• 

M(z n> i») < (l-r ) J ~ 

This implies that { x ra } n is bounded in (V, A) . □ 

Theorem 11. In a finite dimensional IFNLS ( V , A) satisfying the conditions 
(Xii), (Xiii) and (Xiv) , a subset P of V is compact if and only if P is closed 
and bounded in ( V , A). 

Proof. ==>- part : Proof of this part directly follows from the proof of the theorem 
2.5 [4]. 

•<== part : In this part, we suppose that P is closed and bounded in the finite dimen- 
sional IFNLS ( V , A). To show P is compact, consider { x n } n , an arbitrary sequence 
in P. Since V is finite dimensional, let dim V — n and {e± , e-i , ••• , e n } be a 
basis of V. So, for each Xk, 3 (3* , /3$ , • • • , /3* £ F such that 

x k = Pi ei + P\ e 2 + • • • + 0* e n , k = 1 , 2 , • • • 

Since P is bounded, {xk}k is also bounded. So, 3 to > and r where 
< ro < 1 such that 

N ( x fc , t o ) > 1 - r o = a o \ w u ( -i \ 

M(x fe ,i ) < r j V ft • • • ^i; 

Let || x || a = A { t : N (x , t) > a} , a e (0,1). So,we have 
lklU () < *o ••• (2) (By(l)) 
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Since {ei , e 2 , ••• , e n } is linearly independent, by Lemma (1), 3 a constant 
c > such that V k — 1 , 2 , • • • , 



II x , || = II V^ 3 k e - 

|| ^ fc || oo II / j H % ^i 
i = 1 


II > r 

II a 


From ( 2 ) and ( 3 ) we have 




n 


for 



Ei"' 



i = 1 



/or jfc = 1 , 2 

Foreach i, 



t 



|#| < £ |#| < -j /or fc = l, 2, ••• 

i = i 

=>- { ft* } k is a bounded sequence for each i — 1 , 2 , • • • , n 

=>- {Pi}k has a convergent subsequence say { (3 i ' } i . 

=► {01*' }i > {/?£' }/,•••, {^n ( }» are all convergent . 

Let %ki = (3 1 l ei + f3 2 l e 2 + ••• + /?*' e n and /?i = lim /V , /3 2 

n — > oo 

lim /3 2 ; , ■■■ , f3 n = lim /?*' and x = /?iei + /3 2 e 2 + ••• + (3 n e n . 

n — > oo n — > oo 

Now V £ > , we have 

n n 

N(x kl - x , t) = N(J2 tf'e, - Efteu, t) 

i = 1 i = 1 

n 

= #(_£(#' - Pi)e it t) 

> NUPi' - P 1 )e 1 , i) * ••• * NUP*' ■- (3 n )e n , ±) 
= AT( ei , ^ )*-..*JV(e n , ^ ) 

Since lim — . — ^ r = oo, we see that lim N(ej, ft ) = 1 

l -> oo n\l3r l -Pi\ l^oo V l ' n\/3? 1 -Pi\ ' 

=*• lim ^(z^ - j, t) > 1 * ■•• * 1 = 1 Vf > 

2 — > oo 

=> lim 7V(x fe( - x, t) = 1 V t > ••• (4) 

2 — > oo 

Again, for all t > 0, 

n n 

M(x fc; - x , i) = M ( £ ^' ei - E fre* , *) 

i=l i= 1 

n 



^(E (#' - /8i)ei,t; 



i = 1 



< M((0*« - p 1 )e 1 , '-) o ■■■ o Af ((/?*' ■- /? B )e B> £) 



n 



M ( e i . 77*7 a i ) ° '•• ° M ( e ' 



«|/V -/3l|' «l/3n' ~/3n| 

Since lim — . — ^ r = oo, we see that lim M(e,- , rr ) = 

2^oo n\p* l -pi\ 2->oo V n\p1 l - t \ ' 

=> lim M(i fc ,-i,f) < 0o---o0 = Vf >0 

2 — > oo 

=> lim M(x fc; - x , t) = Vf >0 ••• (5) 

2 — > oo 
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Thus, from ( 4 ) and ( 5 ) we see that 

A is compact. D 



lim Xk t = x =>- x e A [ Since A is closed ]. 

I — > oo 



Definition 13. Let (U , A) and ( V , B) be two IFNLS over the same field F. 
A mapping f from ( U , A) to ( V , B) is said to be intuitionistic fuzzy con- 
tinuous ( or in short IFC ) at xq e U, if for any given e > , a e (0 , 1) , 
3 5 = 5 (a , e) > , [3 = (3(a , s) s (0 , I) such that for all x e U, 

Njj ( x — x o , S ) > j3 =>- N v (f(x) — f(xo),e) > a and 
Mu{x-x ,5) < 1 - (5 => M v (f(x) - f(x ), e) < 1 - a. 
If f is continuous at each point of U , f is said to be IFC on U . 

Definition 14. A mapping f from ( U , A) to ( V , B) is said to be strongly 
intuitionistic fuzzy continuous ( or in short strongly IFC ) at Xq e U, if for 
any given e>0,3 5 = 5(a,s) > such that for all x e U , 

N v (f(x) — f (x ) , e) > N v ( x — x , S ) and 
M v (f(x) - f(x Q ), e) < Mu(x - x ,S) . 
f is said to be strongly IFC on U if f is strongly IFC at each point of U . 

Definition 15. A mapping f from ( U , A) to ( V , B) is said to be sequentially 
intuitionistic fuzzy continuous ( or in short sequentially IFC ) at x e U , if 
for any sequence {x n } n , x n s U V n , with x n — >■ Xq in (U , A) implies 
f(x n ) — ► f(x ) in ( V , B) , that is , 

lim Njj ( x n — x o , t ) = 1 and lim M v ( x n — x o , t ) = 

n —* oo n — > oo 

==>- lim N v (f(x n ) - f(x ) , t) = 1 anrf lim My(/(j n ) - /(x ) , t) = 

n — > oo n-too 

// / is sequentially IFC at each point of U then f is said to be sequentially IFC on 
U . 

Theorem 12. Let f be a mapping from ( U , A) to (V , 5). If / strongly IFC 
then it is sequentially IFC but not conversely . 

Proof. Let / : ( U , A) — ► ( V , B) be strongly IFC on U and xq £ U . Then for 
each £ > , 3 (5 = ^(xo, e) > such that for all x e U , 

N v (f(x)-f(x ),e) > Nu(x-x ,5) and 
M v (f(x) - f(x ), s) < M v (x - x , S) 

Let {x n } n be a sequence in U such that x n — > x , that is , for all t > 0, 



lim Njj(x n — Xq , t) = 1 and lim Mu(x n — xq , t) = 

n — * oo n — > oo 

Thus, we see that 

N v (f(x n ) - f(x ) , e) > Njj(x n - x , 5) and 
My(/(i») - f(x ) , e) < M[/(x„ - x , 5) 

which implies that 
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lim N v (f(x n ) - f(x ) , e) = 1 and lim M v (f(x n ) - f(x ) , e) = 

n — > oo n — > oo 

that is, f(x n ) — > /(x ) in (V, fl) . D 

To show that the sequentially IFC of / docs not imply strongly IFC of / on U , 
we consider the following example . 

Example 3. Let (X = R , || • || ) be a normed linear space where || x || = 
| x | V x £ R. Define a * b = min{a , 6} and a o b = max {a , b} /or a// 
a , 6 e [0 , 1]. Also, define 

N 1 , M 1 , iV 2 , M 2 : X x R + — ► [0 , 1] 6?/ 



iVi(x,t) = : — | , M 1 (x,t) 



t + \x\ t + \x 



N 2 (x, t) = \ M,(x, t) = Algj fc > 



Let A = { ( ( x , t) , JVi , Mi ) : ( x , t ) e X x R+ } and 
B = {((x,t) , N 2 , M 2 ) : (x, t) e X x R + } 

It is easy to see that ( X , A ) and {X , B) are IFNLS . Let us now define, 
f( x ) = i + x i ^ x e X. Let xq £ X and {x n } n be a sequence in X 
such that x n — > Xq in (X , A) , that is , for all t > , 

lim Ni ( x n — x o , t ) = 1 and lim M x ( x n — x o , t ) = 



n — * oo 



\x n - xq\ 



that is , lim N x T — r -^ r = 1 and lim M x ' " 0| , = 

' n-^oo l t+\x n -x \ n-*oo L t+\x n -x \ 

=>- lim \x n — xq\ = 

n — > oo 

iVou; ; /or all t > 

N 2 (f(x n ) - f(x ), t) = t + k \ f{x ^_ f(xo) \ 



4 I~3 " 

i + k | Xn 2 2-^- | 

t(l + s£)(l + sg) 

t(l + a;2)(l + a; 2) + fc | a ,4( 1+:2 .2)_ :E 4( 1 + :2 .2)| 

*il±£JHl±£o) 

. 2 W i i«»2\il,|/™2 _ ™ 2 w „ 2 i ^.2\ I „2 ~> 2 / _ 2 _ ™ 2 • 



t(l+x2)(l+xg) + fe|(x2 -xg)(x 2 ,+xg)+X 2 l xg(x2- X g)| 

=> lim iV 2 (/(s n ) - /(so), = 1 

n->oo 

A//" r f f t ^ - f r -r- ^ + >i — k\(xl-xl) (xl +xl) + x 2 n xl(xl - x%)\ 

M2\J\X n ) J{X ),l) ~ t{1 + x 2 n){1 + x 2 o) + k \ {x 2 n _ x 2 j){x 2 n+xt))+x 2 nX 2 ){x 2 n r^y| 

=$► lim M 2 (f(x n ) - /(so), = 

n — + oo 

T/i«5, we see £/ia£ / «s sequentially continuous on X . From the calculation of the 
example [ 5 ] , it follows that f is not strongly IFC . 
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Theorem 13. Let f be a mapping from the IFNLS ( U , A) to ( V , B). Then f 
is IFC on U if and only if it is sequentially IFC on U . 

Proof =>- part : Suppose / is IFC at xq e U and {x n } n is a sequence in U such 
that x n — ► xo in ( U , A). Let e > and a e (0 , 1). Since / is IFC at xq , 
3 8 — 8 (s , a) > and 3 (3 — f3 (e , a) s (0 , 1) such that for all x e U, 
Njj(x - x , 8) > (3 => N v (f(x) - /(so) , e) > « 
%(i - io, <*) < 1-/? =*► M v (/(x) - /(xo) , e) < I - a. 
Since x n — > x in ( [/ , A) , there exists a positive integer n 
such that for all n > uq 

Njj (x n — xq , 5) > (3 and M\j (x n — xo , 8) < 1 — j3 
=> N v (f(x n ) - /(s ) , e) > a and M v (f(x n ) - f(x ) , e) < I - a 
=^ f ( x n) — > f ( x o) i n (V j -6) j that is , /is sequentially IFC at s • 
•<= part : Let / be sequentially IFC at So £ U. If possible, we suppose that / is 
not IFC at x . 

==>- 3 e > and a e ( , 1 ) such that for any 8 > and (3 e ( , 1 ) , 3 y 
( depending on 8 , (3 ) such that 

Nu(x - y , S) > (3 but N v (f(x ) - f(y) , e) < a and 
Mu(x - y , 8) < 1 - (3 but M v (f(x ) - f(y) , e) > 1 - a 
Thus for (3 = 1 - y-yy , 5 = ^y , n = 1, 2, ■•• , 3 j/ n such that 

Nu(x - Vn , ;rh") > 1 - ttTi but Wv(/(a;o) - f(y n ) , e) < a , 

Mu(x - y n , ^j) < ^ but My (f(x ) - f (y) , e) > 1 - a 

Taking 8 > , 3 uq such that - ]_ 1 < 5 V n > tio • 

Nu(x - y n , 8) > Nu(x - y n , ^- ) > 1 - y-yy V n > n , 

Mt/(xo - y„ , 8) < Mu(x - y n , ^y) < y-yy V n > n . 

=> lim Nu(x - y n , 8) = 1 and lim M v (x - y n , 8) = 

tl — y OO Th — * oo 

But,7V y (/(x ) - f(y n ), e) < a =*► lim N v (f(x ) - f(y n ), e) ± 1 

n — > oo 

Thus, {/(?/«)}« does not converge to f(x ) where as y„ — ► s in ( U , A) 
which is a contradiction to our assumption . Hence , / is IFC at so • □ 



Theorem 14. Let f be a mapping from the IFNLS ( U , A ) to ( V , B) and D be 

a compact subset of U . If f IFC on U then f (D) is a compact subset of V . 

Proof. Let {y n }n be a sequence in / (D) . Then for each n , 3 x n e D such that 
f(%n) = Vn ■ Since D is compact , there exists {x nk }k a subsequence of {x n } n 
and Xo e D such that x nk — ► Xo in (U , A) . Since / is IFC at x if for any 
given e > , a e (0 , 1) , 3 8 = 8 (a , e) > 0,/? = j3{a , £ ) e ( , 1 ) 
such that for all x e U, 

Nu (x — x , 8) > (3 =^- Ny (f(x)—f(xo),e) > a and 
M v (x - xo, 8) < 1-/3 =*► My(/(i)-/(i ),£) < 1 - a 
Now, x nfe — >■ Xo in ( U , A) implies that 3 rio £ N such that for all k > no 
Nu(x nk - x , 8) > (3 and M u (x nk - x , 8) < 1 - (3 

=$> N v (f(x nk )-f(x ),e) > aand M v (f(x nk ) - f(x ) , s) < 1-a 
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i. e. N v ( y nk - f ( x ) , e ) > a and My ( y nk - f ( x ) , s) < 1 - a W k > n 
=^- f ( D ) is a compact subset of V. □ 
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